2. Physical Applications

These Good Problems cover material related to section 12.3 of our book.
Some of this material is not found in our text, but it is extremely impor-
tant. Please use my notes as a reference. Topics include tangent, normal,
and binormal vectors; curvature and torsion; velocity and acceleration; the
Frenet-Serret formulas; and some applications of these ideas.

1. Consider the function f(z) = z* — 2z”. Find its curvature function
and the osculating circle to the curve at the origin. Use a graphing
utility to graph the curve y = z — 222, its curvature function %, and

the osculating circle on the same set of axes.
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2. Find T, N, and B, the curvature x and the torsion 7 of the curve
r(t) = (cost,sint,lncost) at the point (1,0,0). Also find equations
of the normal and osculating planes to the curve at this point.
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3. Find the curvature and torsion of the curve at the point (0, 1,0).
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4. Find the velocity, acceleration, and speed of the particle.

r(t) = €' (cost, sint, 1)
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5. Find the tangential and normal components of the acceleration vector

for the curve

r(t) =ti+t*j+ 3tk
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6. A partmle has position function r. If i(t) = ¢ x r(t) for all £, where ¢
is a constant vector, describe the path of the particle.
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7. Suppose you need to design a smooth transition between parallel
straight sections of a railroad track. Existing track along the neg-
ative r-axis is to be joined to a track along the liney =1forz > 1.

a.) Find a polynomial function P of degree 5 such that the function

F defined by
0

F(z) = { P(z)

1

ifxr<0
if0<cz<l1
ifz>1

is continuous and has continuous slope and curvature.

b.) Use a graphing utility to draw the graph of F' and sketch it below.
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The position function of a spaceship is
. . 4
rt) = (3+1i+ @+ mt)j+ (T— ooy 1) k

and the coordinates of a space station are (6,4, 9). The captain wants

the spaceship to coast into the space station. When should the engines
be turned off? P= shhoen
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9. A rocket burning its onboard fuel while moving through space has
velocity v(t) and mass m(t) at time ¢. If the exhaust gases escape with
velocity v, relative to the rocket, it can be deduced from Newton's
Second Law of Motion that

ndy _dm,
dt — dt
a.) Show that v(t) = v(0) - In (%) v..

b.) For the rocket to accelerate in a straight line from rest to twice

the speed of its own exhaust gases, what fraction of its initial mass
would the rocket have to burn as fuel?
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